We develop a formula for matching a Taylor series about the origin and an asymptotic exponential expansion for large values of the coordinate. We test it on the expansion of the generating functions for the moments and connected moments of the Hamiltonian operator. In the former case the formula produces the energies and overlaps for the Rayleigh-Ritz method in the Krylov space. We choose the harmonic oscillator and a strongly anharmonic oscillator as illustrative examples for numerical test. Our results reveal some features of the connected-moments expansion that were overlooked in earlier studies and applications of the approach. PACS (2008): 03.65.Ge Keywords: connected moments expansion • full solution • convergence • Rayleigh-Ritz method © Versita sp. z o.o.
Introduction
Some time ago Horn and Weinstein [1] and Horn et al. [2] proposed the calculation of the ground-state energy of quantum-mechanical systems by means of the Taylor expansion of the generating function for the cumulants or connected moments. The main problem of this approach is the extrapolation of the -expansion for → ∞. Those authors proposed approximate expressions based on Padé approximants that did not produce encouraging results. For that reason Cioslowski [3] suggested the extrapolation by means of a series of exponential functions. This * E-mail: paolo.amore@gmail.com † E-mail: fernande@quimica.unlp.edu.ar (Corresponding author) and other approaches were discussed and compared by Stubbins [4] . Cioslowski's approach leads to a nonlinear system of equations for the parameters in the exponential expansion that he solved by means of a systematic algorithm that avoids the explicit calculation of the unnecessary variables. The resulting approach has since been known as the connected-moments expansion or CMX. Later, Knowles [5] developed an elegant expression for the CMX approximants to the energy of the ground state in terms of matrices built from the connected moments. Since then, the CMX has been applied to a wide variety of problems and has been extensively discussed and generalized. A complete list of references is given elsewhere [6] ; here we restrict ourselves to those papers that are relevant to the present discussion.
In a recent paper Amore et al. [6] analyzed the CMX by means of simple quantum-mechanical models and conjec-tured that the parameters in the exponential expansion proposed by Cioslowski [3] may give a clue on the success of the approach. However, the seminal papers on the CMX [3, 5] as well as all the later applications of the method (see, for example, the references in [6] ) were focused on the calculation of the energy avoiding the explicit calculation of the parameters of the exponential expansion. The main purpose of this paper is to provide the full solution to the nonlinear equations that appear in the problem of matching a Taylor series about the origin and an asymptotic exponential expansion at infinity. In particular, we specialize in the CMX equations because the exponential parameters proved useful to predict the success of the approach [6] . In order to test the main equations to any desired order of approximation we select simple quantum-mechanical models that allow the calculation of a sufficiently great number of connected moments. In Section 2 we develop the main equations for the general problem of matching the two asymptotic series. In Section 3 we apply these equations to the generating functions for the moments and connected moments. In Section 4 we conduct a numerical test on simple quantum-mechanical models. Finally, in Section 5 we discuss the results, draw conclusions and propose further applications of the main equations.
Matching the expansions
Suppose that a function F ( ) can be expanded in a formal power series for small
and in an exponential expansion for large
where Re( ) > 0. We can match both expansions at = 0 provided that the series in the right-hand side of the equations
converge.
We are interested in the case that we do not know the parameters and of the exponential expansion. Therefore, we try an ansatz of the form
and match its Taylor expansion about = 0 with the actual power series (1) . In this way we obtain the following system of 2N nonlinear equations with the 2N unknowns and :
Strictly speaking, we should write N and N because these parameters depend on the number of terms in the ansatz. However, we just write and to keep the notation simpler. In order to solve equations (5) we consider the auxiliary system of N linear equations with N unknowns
There are nontrivial solutions only if its determinant vanishes
and W is one of the N roots W 0 W 1 W N−1 of the characteristic polynomial
given by Eq. (7) .
then equations (6) reduce to γ +1 = W γ , = 0 1 N − 1 and γ = W γ 0 , so that
Taking into account Eq. (5) it is clear that
Therefore, if we choose the exponential parameters to be the roots of the pseudo-secular determinant (7): = W , = 0 1 N − 1 we then conclude that the coefficients of the characteristic polynomial (8) are given by
If, without loss of generality, we choose 0 = 1, then the remaining polynomial coefficients 1 2 N are the solutions to the nonhomogeneous linear system of equations
provided that the square matrix F = F + +1 N−1 =0 is nonsingular. Otherwise the truncated Taylor (1) and exponential (2) expansions cannot be successfully matched at origin. Once we have the roots of (W ) = 0 the nonlinear equations (5) become linear equations for the remaining unknowns . There are 2N such equations but we only need N of them; for concreteness we arbitrarily choose the first N ones. The occurrence of multiple roots = W reduces the order N of the ansatz F (N) ( ). The starting point of present proof Eq. (6) was motivated by an earlier paper where Fernández [7] proved the equivalence between the Rayleigh-Ritz variation method in the Krylov space and the connected-moments polynomial approach [8] .
Generating functions for the moments and connected moments
The expansion of the generating function
in a Taylor series about the origin
yields the moments µ = φ|Ĥ |φ of the Hamiltonian operatorĤ with respect to a trial or reference state |φ . If the spectrum ofĤ is discretê
and its eigenfunctions form a complete set then
provided that ψ | ψ = δ . Therefore, we can apply the method developed in the preceding section with F = µ . For concreteness we assume that
In this case equations (6) and (7) are the secular equations and secular determinant, respectively, for the Rayleigh-Ritz method in the Krylov space [7] (and references therein). Therefore, the roots W are real and for each of them we have an approximate solution
Without loss of generality we assume that | = δ . Besides, we know that the approximate variational eigenvalues are upper bounds to the exact ones:
The projection operator
For the projected Hamiltonian
Therefore
The approximate generating function
exhibits a finite exponential expansion
and its Taylor series about = 0 yields the first 2N − 1 exact moments
Therefore, if we apply the method of the preceding section the parameters and of the approximate exponential expansion (4) should be = φ| 2 and = W if there is no degeneracy. If W is -fold degenerate then the coefficient will be the sum of the corresponding overlaps φ| 2 . We think that it is surprising that merely matching an exponential-series ansatz and a Taylor series may lead to the results of the Rayleigh-Ritz method.
The function
is monotonically decreasing [1] and its Taylor expansion about = 0 yields the connected moments I :
that one easily obtains in terms of the moments µ by means of the recurrence relation [1]
In order to extrapolate E( ) to → ∞ and obtain an approximation to the ground-state energy E 0 Cioslowski [3] proposed the exponential-series ansatz
where the unknown parameters are supposed to be real and positive. Matching this expression with the -expansion (28) leads to the set of equations
Arguing as in the preceding section we conclude that the exponential parameters , = 1 2 N are the roots of the pseudo-secular determinant
Once we have the exponential parameters we solve N of the remaining linear equations (31) for the coefficients A and then we obtain A 0 from the first equation:
In order to test the consistency of the main CMX assumption we can try the alternative ansatz
and verify that there is a stable root 0 that approaches zero as N increases. The corresponding pseudo-secular determinant is slightly different from the previous one:
It is not unlikely that we find difficulties in matching the Taylor and exponential series for the connected moments because the denominator of E( ) exhibits zeros in the complex -plane Z ( ) = 0. Amore et al. [6] have already discussed this point by means of simple examples and here we will show that present mathematical formulas are of considerable help for that purpose.
In the standard implementation of the CMX one does not calculate the parameters explicitly [3] . For example, Knowles [5] derived the following explicit expression for the approximant of order M to the coefficient A 0 :
provided that the method converges. If we compare equations (5) and (31) • one or more roots vanish;
• there are multiple roots ( = = · · · );
• one or more coefficients A vanish.
In any such case the approximation of order N reduces to an approximation of lesser order. It is not difficult to prove that
satisfies [9] lim →∞ S(
one easily derives an approximation to the overlap in terms of the parameters of the exponential expansion:
When φ |φ = 1 this expression agrees with the one derived by Cioslowski [9] except for the minus sign that is missing in his Eq. (21). Cioslowski did not use this expression directly but an equivalent one in terms of matrices built from the connected moments. Here we will use it in order to test the formulas derived above for the parameters of the exponential series. For generality we keep the term ln | φ |φ | 2 because in some cases our trial functions will not be normalized to unity.
Illustrative examples
In order to test the equations developed in the preceding section in what follows we apply them to some simple examples where we can carry out calculations of sufficiently large order. We first consider the harmonic oscillator
and the unnormalized trial functions
already chosen by Amore et al. [6] for their analysis of the convergence properties of the CMX. Tab. 1 shows the exact overlaps φ| ψ 2 , = 0 2 4 6, for these two trial functions. We appreciate that φ and |φ exhibit larger overlaps with the ground and second excited state, respectively. Tab. 2 shows the parameters W and for the trial function φ . The former converge (from above) towards the eigenvalues of the harmonic oscillator and the latter towards the exact overlaps shown in Tab. 1 in complete agreement with the general proof given in the preceding section. Tab. 3 shows the parameters A and , = 0 1 2 3, for the second CMX ansatz U (N) ( ) proposed in the preceding section. Note that the exponential parameter 0 tends to zero as N increases suggesting that the CMX applies successfully to this problem. Tab. 4 shows the same parameters but with 0 set equal to 0 as in the first approach E (N) ( ). The results of both tables approach each other as N increases. Tab. 5 shows that the approximate overlap S 2 N given by Eq. (41) for the unnormalized trial function φ tends to the corresponding exact result in Tab.1. Cioslowski's approach [9] applies successfully to this example. The second column in Tab. 6 shows that the CMX approximants (36) converge rapidly towards the ground state as N increases. This success is unsurprising in the light of the preceding analysis of the CMX parameters . We obtain the same results from Eq. (33) and the parameters A given in Tab. 4 derived from the general equations of the preceding section. Tab. 7 shows the parameters W and for the trial function |φ . The former converge (from above) towards the eigenvalues of the harmonic oscillator and the latter towards the exact overlaps shown in Tab. 1. Since the overlap of the trial function with the second excited state is larger than the overlap with the ground state we expect an anomalous behaviour of both ansätze E (N) and U (N) as discussed by Amore et al. [6] . This is in fact the case and some of the parameters for this trial function are negative or complex. However, the second ansatz U (N) discussed in the preceding section exhibits a small exponential parameter 0 that appears to tend to zero as N increases. At the same time, the corresponding coefficient A 0 tends to the energy of the second excited state as N increases as shown in Tab. 8. This behaviour is consistent with the convergence of the CMX sequence (36) to the second excited state shown in the third column of Tab. 6 and discussed earlier by Amore et al [6] . Note that the CMX does not provide bounds to the energies as the Rayleigh-Ritz method already does.
As a nontrivial example we choose the simple anharmonic oscillatorĤ = − 2 2 + 4 (44) and the unnormalized trial functions
also considered by Amore et al. [6] . This oscillator is strongly anharmonic and enables us to calculate as many terms as desired for all the approximants discussed above.
Tab. 9 shows the parameters W and , = 0 1 2 for the trial function φ . The former converge (from above) towards the well known eigenvalues as N increases and the latter provide the overlaps. Since the overlap with the ground state dominates the CMX will converge towards this state [6] . The second column of Tab. 10 shows the great rate of convergence of the CMX sequence (36) towards the ground state of the anharmonic oscillator, already calculated by Amore et al. [6] . Once again we appreciate that the CMX does not provide bounds. Tab. 11 shows the parameters for the ansatz U (N) . The parameter 0 tends to zero and A 0 towards the energy of the ground state of the anharmonic oscillator as N increases. However, spurious roots and values of the corresponding parameters A appear when N ≥ 3. We have just chosen those that follow the reasonable sequences determined by the results for smaller values of N. Tab. 12 shows the parameters for the ansatz E (N) . Note that the agreement between the parameters of the two ansätze for the anharmonic oscillator is not as good as in the case of the harmonic one. In this case we also obtain apparently spurious roots and coefficients A for N > 4. For example, when N = 6 2 and A 2 are the complex conjugates of 3 and A 3 , respectively. Consequently, the complex parts of A 2 and A 3 cancel each other in Eq. (33) that yields a reasonable approach to the ground-state energy A 0 = 1 0603680. We conclude that the parameters A and should not necessarily be real and positive for the CMX approximants (36) to converge neatly towards the ground-state energy.
Tab. 13 shows that the overlap between the ground state of the anharmonic oscillator and φ calculated by means of Eq. (41) agrees with the result of Tab. 9 ( 0 ). Once again we realize that the complex parts of the parameters A and cancel out to produce a reasonable real approximation to the expected result. The occurrence of complex parameters in the exponential ansatz is not revealed by the CMX approximants (like Eq. (36)) based on the connected moments. As a two-dimensional example we choose the Pullen-Edmonds Hamiltonian
that has been already treated by the CMX [10] , the generalized moments expansion (GMX) and the canonical sequence method (CSM) [11] . A reasonable trial function for the ground state is given by the unnormalized Gaussian function
where > 0. Cioslowski [10] obtained satisfactory results for 0 1 ≤ α ≤ 0 5 with the CMX and = 1/2. Tab. 14 shows the exponents for α = 0 5 (the greatest value considered by Cioslowski [10] and Fessatidis et al. [11] ), and two values of ( = 0 5 and = 1). Since all the exponents are positive we expect that the CMX will give satisfactory results for both values of . However, note that the sequence of values of 0 converges towards 0 more rapidly when = 1 so that we also expect the rate of convergence of the CMX to be greater for this case. Tab. 15 shows the CMX results for the ground-state energy of the Pullen-Edmonds Hamiltonian for both values of . The rate of convergence is greater for = 1 as suggested by the analysis of the convergence of the exponent 0 . The entries in the second column are similar to Cioslowski's results [10] (note that Cioslowski' index is equal to present N + 1) and those in the third column correspond to = 1. The last two rows show the results provided by the GMX (GMX(1,3) , fifth order) and its cousin the CSM (CSM(13)) that Fessatidis et al. [11] considered to be excellent. However, Tab. 15 clearly reveals that at least for this model neither the GMX nor the CSM appear to improve the results of the much simpler and more straightforward CMX. 
Conclusions
In this paper we propose a systematic procedure for solving the nonlinear equations that appear when matching a Taylor series about = 0 and an asymptotic exponential expansion valid for large . We applied it to the analysis of the extrapolation of the -expansions for the generating functions of the moments and connected moments. Obviously, Z ( ) is more suitable for matching both expansions at origin because this function does not exhibit singular points. Unfortunately, results coming from it are not size consistent. On the other hand E( ) exhibits singularities at the zeroes of Z ( ) in the complex -plane that may hinder the extrapolation (see also Amore et al. [6] for other examples). The full solution of the nonlinear equations enables us to test whether the main assumptions of the CMX are valid for the reference state chosen for the study of a given quantum-mechanical problem. We have analyzed two cases for the harmonic oscillator and two more for an anharmonic one and have shown that the CMX equations yield better results for the former which is not surprising. We have also seen that the rate of convergence of the CMX approximants (36) may be large even when the parameters in the ansatz E (N) ( ) are complex. This most interesting feature of the CMX was not revealed by earlier applications of the approach because they were based on algorithms that bypass the explicit calculation of the parameters of the ansatz E (N) ( ).
Knowles' equation (36) for the energy and Cioslowski's equation (41) for the overlap (in terms of the connected moments [9] ) are remarkable ways of bypassing the explicit calculation of the apparently unnecessary variables in the nonlinear equation (5) . However, we have shown that it is not difficult to calculate all those variables explicitly and obtain additional information on the behaviour of the approach.
We want to point out that the main results of sections 2 and 3 are quite general and apply to any quantummechanical problem. In Section 4 we have chosen extremely simple models with the only purpose of facilitating the calculation of the necessary moments (which appears to be the main difficulty in the application of all the moments methods). Even the treatment of a two-dimensional oscillator offers no difficulty as illustrated in Section 4.
The main results of Section 2 are not restricted to the analysis of the generating functions for the moments and connected moments. In future works we will explore their utility in other problems of physical interest. Just to mention one example, note that Z ( ) = ψ(0)| exp − Ĥ |ψ(0) is the projection of the state at time |ψ( ) = exp − Ĥ |ψ(0) onto the initial state |ψ(0) (correlation function). We easily obtain Z ( ) for the harmonic and anharmonic oscillators from the results of tables 2, 7 and 9.
